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The equations appear similar ; Note that the central object in MO 
theory is the  wavefunction, whereas in DFT it is the density!

 !
 !

 !

Hartree-Fock formalism of 
Molecular Orbital theory  !

Kohn-Sham formalism of Density 
Functional Theory!

Molecular Orbital and Density Functional Theory 
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Coulomb! Exchange!
Exchange-Correlation!

Coulomb!

Kinetic energy + Nuclear attraction!
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CI/HF/MCSCF 
Electronic Wavefunctions must be anti-symmetric 

a wave-function for all systems for fermions (s=1/2) 

Ψ(1,2) = −Ψ(2,1)
A determinant is antisymmetric; so any combination of 

determinants will do 

All (many) Determinants (full) CI 

1 Determinant - with optimal orbitals Hartree-Fock 

Some Determinants - with optimal orbitals MCSCF 

Show that a 
determinant is 
antisymmetric 



4-index transformation 
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MO! = ci
i

n

∑ ! i

! p(1)! q∫∫ (1)
1
r12

! r (2)! s(2)dτ1d! 2 = pq rs( )

AO− integralsto MO− integrals

pq rs( )→ ij kl( )
sort integralsto have for onersall pq (Yoshi mine)

cp pq rs( )
p

n

∑ = iq rs( )  etc. total ~n5 operations

Derive the scaling of the 4index   
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Always doubly occupied (space) orbitals may be projected !
out of other orbitals (Schmidt) without changing determinants.!

Then (e.g. Hosteny et al (1975))!

Ecore = 2hii + 2(ii | jj ) ! (ij | ji )( )
j " i# $ i{ }
%

& 

'  
( 
( 

) 

* 
+ 
+ i# $ i{ }

%

hmn ! hmn + 2(mn| ii ) " (mi |ni)[ ]
i# $ i{ }
%

Fock-matrix (n4 ops)contains modiÞed 1-electron integrals!



 
    

 
 

Φ0 = ϕ1ϕ1ϕ2ϕ2ϕ3ϕ3ϕ4ϕ4ϕ..ϕ..ϕn/2ϕn/2 HF

Ψ = C 0Φ0 +Ci
aΦi

a +Cij
abΦij

ab +Cijk
abcΦijk

abc +!+!  (Full)CI
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rijij
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Full CI - all determinants (for m orbitals and n electrons n
2m( ))

CI 

 

Determinant                                      Δ=ψ 1ψ 2ψ 3!

Configuration State Function (CSF) Φ= ciΔi   Spin Eigenfunction
i
∑

Configuration                                  Φi   with same occupation{ }
Hamiltonian is an n-electron operator, so the wavefunction is a linear combination of 

of n-electron functions (e.g. determinants)  

 

H = h(i )
i

!
1" electron
! " #

+
1
riji < j

!
2" electron
$

+ N.R.+%

 

a Slater rule ijkl H iabc = 0 (>2 differences)

so double replacements most important with ruling ! 0  

Single and Double CI (SDCI) ! 1
2 n( )2

. m" 1
2 n( )2

Explain where the formula’s come from and calculate # configs for  
e.g. water in a DZP basis and  e.g. benzene 
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Use of CI 

•! More accurate (Ecorr=EHF-ECI) 
•! Near Degeneracy …. 
•! Excited States; Ei

CI=Ei
exact 

MR(D)CI 

� 

! 0 = ci" i
i

n

# ! = cijabC(i $ a, j $ b)
ij

ab

# ! 0

MRDCI - select excited states using PT 

Singles CI = TDA 

  

� 

! = ciaC(i " a)
i

a

# ! HF

=> ! 0(= ! HF ),! 0,! 1,! 2É for big basis
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MRSDCI : classical  selected CI, about 60000 configurations

Can do excited states and properties of those states and transitions between them.

R.J. Buenker in `Proc. of the Workshop on Quantum Chemistry and Molecular PhysicsÔ,

 Wollongong, Australia (1980); 

R.J. Buenker in `Studies in Physical and Theoretical ChemistryÔ, 21 (1982) 17.

 

Direct  CI
Can do bigger CI‘s up to 100000000 or more
V.R.Saunders, J.H. van Lenthe, The Direct CI method, A detailed analysis.
Mol. Phys. 48, 923 (1983)
example: 

an interaction Fij
ab H Fkl

ab = ij kl( )- ij lk( )( )*spin-coupling-coefficient for ab

for aa the result is 2  bigger, but that can be done by scaling the c-vector
z = Hc
excited states are possible by fiddling with the davidson (vmin)

do Ψij
ab Ĥ Ψij

cd
= ? and Ψij

ab Ĥ Ψkl
cd = ?
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Practical CI 
Dimensions of CI problem : 100 000 000 or more 
No explicit matrix available 
HC=Z Directly from integrals (faster) 

Only iterative methods possible 
Lanczos, (Jacobi)Davidson* 

� 

{b} :Bbi = ! ibi

g = " ibi
i

#

Bg = giBbi
i

# = " i! ibi
i

#

Bng = giB
nbi

i

# = " i!
n

ibi
i

#

Power Method 
Largest component  
projected out  

* Subspace expansions 
E. R. Davidson, J. Comput. Phys. 17, 87 (1975).  
H. J. J. van Dam, J. H. van Lenthe, G. L. G. Sleijpen & H. A. van der Vorst 
An improvement of Davidson's Iteration method. 
 Applications to MRCI and MRCEPA Calculations  
 Journal of Computational Chemistry 17, 267-272 (1996)  
http://igitur-archive.library.uu.nl/dissertations/01789730/chapter6.pdf 

Try this 



Jacobi-DAVIDSON 

HC1 = Z1 result fromCI

C1.Z1 = H11 = E0

C2 .Z1=H21 C2.Z2 =H22

you built a projected H-matrix
diagonalise to give a linear combinat of C‘s
Jacobi suggested to find the update vector
perpendicular  to the current solution 
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Size Consistency       0 

Monomers (SDCI)!

� 

ΨA = ΨA
0 + ΨA

S + ΨA
D

� 

ΨB = ΨB
0 + ΨB

S + ΨB
D

Dimer (R=!) !

  

� 

! AB = ! A
0 + ! A

S + ! A
D( ) " ! B

0 + ! B
S + ! B

D( )
= ! A

0! B
0 + ! A

0! B
S +!+ ! A

0! B
D +!+ ! A

S! B
D +!+ ! A

D! B
D

= ! AB
0 + ! AB

S + ! AB
D + ! AB

T + ! AB
Q

Not in SDCI!

Ne2  -257.5179819391!
Ne   -128.7648291915!  d = -0.0116764!

Ne   -128.7715277008!
Ne2  -257.5430553063!

Ne2 TZVP R=!  

CEPA0 

CI  

 d = 10-7!
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CC to CEPA 
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� 

! 22
44 = ! 1

D

� 

! 0

� 

! 33
55 = ! 2

D

� 

! 2233
4455 = ! 3

Q

� 

! 23
45 = ! 4

D

� 

CCD! c2233
4455 = c22

44 " c33
55 ! c3

Q # c1
D .c2

D

� 

! 22
44 H ! 2233

4455 = " 3535( ) = ! 0 H ! 33
55

� 

! 23
45 " ! 23

45 = ! 2233
4455Q

But 
� 

c3
Q ! 1

D H ! 3
Q = c1

Dc2
D ! 0 H ! 2

D
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SDCI => CEPA 

e.g.  C. Zirz, R.Ahlrichs in AþElectron CorrelationAÿ. !
Proceedings of the Daresbury study weekend, 17-18 November 1979!

� 

! i
SD H " E # = ! i

SD H " E # SD + c j
TQ

j

TQ

$ ! i
SD H ! j

TQ = 0

� 

! i
SD H " E # = ! i

SD H " E # SD + ci
SD c j

SD ! 0 H ! j
SD

j

SD

$

= ! i
SD H " E # SD + ci

SD.Ecorr

= ! i
SD H " E + Ecorr # SD = 0

� 

! 0 H " E # SD = 0

Do the derivation of CEPA0; How can you see it overestimates and 
how would other CEPA’s correct this; Is it an eigenvalue problem? 



Correlation 
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ρ(2) ≠ ρ(1)*ρ(1) or ΨCI −ΨHF

HF contains some spin-correlation 

(the fact that same spin electrons avoid each other)

DFT contains no correlation - 

1-electron model (based on UHF)

Kind of correlation in H2 :

left − right :σ g
2 −σ u

2

in − out : 2σ 2 −3σ 2

angular :σ 2 −π 2



17!

Davidson Correction for CI 

Ψ = Φ0 + cDΦ
D + cQΦ

Q( )
SDCI : εcorr = ΔESDCI = ESDCI − E0

saycQ ≈ cD
2 = 1− c0

2; contributions quadruples to doubles ≈ εcorr

Davidson correction : 1− c0
2( )εcorr

Davidson gives a contribution for a single electron pair

Pople correction corrects this (thus better for few electrons)

Better CCSD and CEPA  - See in what follows
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Size Consistency       1 

Single Determinant Dominant!

SDCI! CEPA! CCSD!

Size 
consistency! OK!

OK!

� 

EA+B !

EA + EB

SCF!

� 

! = eS+D! 0

Variational! Yes! No! No!
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� 

! = " 0 + ci" i
i

SD

#

! SD
! " # $ # 

+ c j" j
j

TQ

# +%
Intermediate Normalisation!

Full CI 

� 

Ecorr = E − E0 = ci
SD Φ0 H Φi

SD

i

SD

∑

Secular Equations:!

� 

Φ0 H − E Ψ = Φ0 H − E Φ0 + ci
SD

i

SD

∑ Φ0 H Φi
SD = 0

� 

Φi
SD H − E Ψ = Φi

SD H − E ΨSD + c j
TQ

j

TQ

∑ Φi
SD H Φ j

TQ = 0
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Coupled Cluster 

  

� 

Ψ = eTΨ0 = 1+ T + 1
2T

2 + !( )Ψ0

� 

! AB
0 = " 1A" 2A" 3A" 4A" 1B" 1B = A" 1A" 2A" 3A" 4A " 1B" 1B

! AB=
0 = ! A

0! B
0 T = TA + TB

! AB = eTA +TB( )! A
0! B

0 = eTA ! A
0eTB ! B

0 = ! A #! B

2 Separated Systems A and B!

CI!

� 

! AB = 1+ TA + TB( )! A
0! B

0 " 1+ TA( )! A
0 1+ TB( )! B

0 = 1+ TA + TB + TATB( )! A
0! B

0

Confirm the (lack of) size consistency  of CI and CCD 
(without using the exponentional) 
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Single Reference Size consistency 

Method SC-error 
SCF -2.5E-10 
CI  4.3E-03 
CI + Davidson  2.3E-03 
CI + Pople  4.5E-04 
CEPA1 -3.5E-10 
CEPA0 -4.5E-10 
ACPF -3.5E-10 
AQCC  5.2E-04 
MP2 -3.5E-10 
MP3 -3.5E-10 

Be dimer at 100000 Å TZVP (harmonic) basis 

Try this 

Check the 
numbers 
ln this 
table 
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Monomer Dimer SC-Error

MRCI -149.973622 -299.909624 37.62

Davidson -150.001007 -299.993109 8.91

Pople -150.000490 -300.014397 13.42

MR-ACPF -149.998138 -300.006900 -10.62

MR-AQCC -149.992983 -299.995068 -9.10

MRDCEPA -149.999653 -300.000132 -0.83

MR-ACEPA -149.990355 -299.981093 -0.38

MR-CEPA1 -149.990391 -299.981279 -0.50

.Energies and size consistency errors (in mH) for (O2)2. 

No symmetry restrictions are applied in generating the CAS reference space!
DZP basis ; R=1.2 • Monomer wavefunction 6-electron p CAS; !
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Final Remarks 

§!CI is not size consistent and this can really hurt if not treated              
e.g. the Ecorelation ~√n  instead of  n. 

§!The major part of the size consistency can be treated by checking 

   the separate constituent parts; (cures the problem at huge distance) 

§!The differential part is intractable  

§!CCSD, CEPA and MPn are intrinsically size consistent (but not     
variational) 

§!No MR-CEPA is really size consistent 


